In this paper, a direct sampling method (DSM) is designed for a real-time detection of small anomalies from scattering parameters measured by a small number of dipole antennas. Applicability of the DSM is theoretically demonstrated by proving that its indicator function can be represented in terms of an infinite series of Bessel functions of integer order, Hankel function of order zero, and the antenna configurations. Experiments using real-data then demonstrate both the effectiveness and limitations of this method.
Introduction
Several studies have revealed that the direct sampling method (DSM) is a fast, stable, and effective imaging technique in inverse scattering problems. It has been investigated for imaging small two-dimensional anomalies [1, 2, 3, 4] and retrieving three-dimensional objects [5] for diffusive [6] and electrical impedance [7] tomography applications and for source detection in stratified ocean waveguides [8] . As we have previously observed, DSM only requires one or at most a few incident fields, rather than additional operations, such as singular value decomposition [9, 10] or solving ill-posed integral equations [11] or adjoint problems [12, 13] .
Recent study [14] has shown that the DSM is an effective technique for microwave imaging; however, their simulations differ in crucial ways from real-world scenarios: for example, it is difficult to measure scattering parameters when the transmitting and receiving antennas are in the same location. An extended study that considered a more realistic scenario is required and experiments using real-data should be conducted to show that this method could feasibly be used for real-world applications. Therefore, an appropriate DSM is designed herein, and its mathematical structure is analyzed to demonstrate its real-world applicability.
This study is an extension of a previous study [14] on analyzing the DSM's structure to a real-world application. Herein, the DSM is designed to handle a real-world problem, and the mathematical structure of its indicator function is analyzed by expressing it in terms of an infinite series of Bessel functions of integer order. Finally, the imaging performance of designed DSM and related factors are discussed. This paper is organized as follows. Section 2 briefly discusses the scattering parameters in the presence of a set of anomalies and designing of an indicator function of DSM. Section 3 investigates the structure of this indicator function by expressing it in terms of an infinite series of Bessel functions of the first kind of integer order, Hankel function of order zero, and the antenna configuration. With this, we discuss the factors that influence its imaging performance. Section 4 contains experimental results using real-data for multiple anomalies for supporting theoretical result. Section 5 presents our conclusions and future works.
Scattering parameters and direct sampling method
This section briefly introduces the scattering parameters and discusses the design of a DSM indicator function. Here, we assume that multiple small anomalies D m with smooth boundaries ∂D m , m = 1, 2, · · · , M , exist in a homogeneous background medium. For simplicity, the D m are assumed to be small balls of radius ρ m located at r m and denote the collection of all D m by D. All the anomalies are contained in a homogeneous domain Ω and are surrounded by N different dipole antennas a n , n = 1, 2, · · · , N , located on a circle of radius R. We denote the set of all antennas by A.
Throughout this study, the materials and anomalies are characterized by their dielectric permittivity and electrical conductivity at a given angular frequency ω = 2πf . The magnetic permeability is set to be a constant µ(r) ≡ µ = 4 · 10 −7 π for r ∈ Ω and the permittivity (conductivity) of the background and D m are denoted by ε b (σ b ) and ε m (σ m ), respectively. In addition, the wavenumber k is given by ω 2 µ b (ε b + iσ b /ω). The scattering parameters (S−parameters) S(n, n ) are defined as the ratios of the output voltages (or reflected waves) at the a n to the input voltages (or incident waves) at a n . The measured data is the scattered field S scat (n, n ), which is obtained by subtracting the S−parameters with and without anomalies, respectively. Then, based on [15] , S scat (n, n ) is given by
where E inc (a n , r) is the incident electric field in a homogeneous medium due to the point current density at a n , which satisfies ∇ × E inc (a n , r) = −iωµH(a n , r)) and ∇ × H(a n , r)
and E tot (r, a n ) be the total field owing to the presence of the anomalies D measured at a n , which satisfies ∇ × E tot (r, a n ) = −iωµH(r, a n ) and ∇ × H(r, a n ) = (σ(r) + iωε(r))E tot (r, a n ),
with transmission conditions at the boundaries ∂D. Here, we assume a time-harmonic dependence e iωt , and H denotes the magnetic field.
It is worth noting that, in general real-world experiments, it is impossible to measure S scat (n, n ) when n = n because antenna a n is used for signal transmission and the remaining N − 1 antennas a n , n = 1, 2, · · · , N with n = n are used for signal reception. Thus, the indicator function introduced in [1, 2, 4, 14] cannot be applied for imaging of D.
Motivated by the above, we design an indicator function of DSM for imaging D by finding their positions r m based on the measured data S scat (n, n ) for fixed n . Since the anomalies are assumed to be small, applying the Born approximation to (1) yields
Based on this representation, we introduce the indicator function of DSM as follows. For r ∈ Ω,
where
Notice that the definition of F DSM (r, n ) is different from the traditional indicator function of DSM. Nevertheless, the maps of F DSM (r, n ) shown later contain large peaks at r ≈ r m and small values at r = r m ; therefore, the locations of the D m can be identified via this DSM. 2
Theoretical result
This section investigates the mathematical structure of F DSM (r, n ) by proving it can be written in terms of Bessel functions of integer order. It should be noted that, since the omnidirectional antennas are arranged perpendicular to the z−axis, the mathematical treatment of time-harmonic electromagnetic waves scattered from thin, infinitely-long cylindrical obstacles, (e.g., [10] ) indicating that this problem can be regarded as two-dimensional, and the incident field can be expressed as E inc (r, a n ) = −iH (1) 0 (k|r − a n |)/4, where
is the Hankel function of order zero. Based on this, the following result can be derived.
Theorem 3.1 (Mathematical structure of the indicator function). Assume that the total number of antennas, N , is small. Let |a n | = R, θ n := a n /|a n | = (cos θ n , sin θ n ), and r − r m = |r − r m |(cos φ m sin φ m ). If k|r − a n | 0.25 for r ∈ Ω, then F DSM (r, n ) can be represented as follows:
Here, Z 0 = Z ∪ {−∞, +∞} \ {0} and Z denotes the set of integer number.
Proof. From (2), we can observe that
0 (k|r m − a n |)H
0 (k|r − a n |)
Since r m ∈ Ω and k|r − a n | 0.25 for all r ∈ Ω, substituting the Hankel function's asymptotic form
Since θ n · (r − r m ) = |r − r m | cos(θ n − φ m ) and the Jacobi-Anger expansion
holds uniformly, we can obtain 
3 and, similarly,
Combining (7) and (8), (6) can be rewritten as
0 (k|r − a n |)H
Finally, substituting (9) into (5) leads us to
With this, applying Hölder's inequality,
allows us to obtain (4), thereby completing the proof.
Remark 3.1. The indicator function structure (4) implies that the imaging performance is highly dependent on 1) the anomaly's size, permittivity, and conductivity; 2) the antenna configuration (total number and arrangement); and 3) the distance between the transmitter a n and anomaly D m . Observations 1 and 2 have also been made by other studies [3, 4, 14] , but observation 3 is also a significant factor that affects imaging performance in real-world applications, as shown below by the experimental results for Example 4.1.
Experimental results
To evaluate this theoretical result and demonstrate the effectiveness and limitations of the designed DSM, we now present the results of experiments with real-world data. For these experiments, we placed N = 16 dipole antennas in a circle of radius 0.09m as follows:
The homogeneous background medium was filled with water, and its permittivity and conductivity were ε b = 78 and σ b = 0.2S/m, respectively. The imaging region Ω was set to be the interior of a circle of radius 0.085m, centered at the origin. The S−parameters S scat (n, n ) were measured using a microwave machine developed by the Electronics and Telecommunications Research Institute (ETRI), and the incident field data E inc (a n , r) used to calculate the indicator function F DSM (r, n ) via (3), were generated by CST STUDIO SUITE, as shown in Figure 1 .
Example 4.1. Here, we consider imaging two anomalies, D 1 and D 2 , both of diameter 0.0064m. Maps of F DSM (r, n ) for several different n are shown in Figure 2 . Note that the locations of D 1 and D 2 can be identified, but some large artifacts also exist. It is also interesting to observe that D 1 cannot be identified when n = 9 and n = 13, i.e., when D 1 is not close enough to a n . While D 1 can be located when n = 1, n = 2, and n = 5, these provide the wrong location for D 2 because D 2 is not close enough to a n . Example 4.2. As observed in Example 4.1, the imaging performance is highly dependent on the location of the transducer a n . To identify all the anomalies in Example 4.1, the following indicator function with multiple incident fields is adopted, introduced in [1, 2] . For each r ∈ Ω, Figure 3 shows the maps of F MDSM (r) for four (n = 1, 5, 9, 13), eight (n = 1, 3, 5, · · · , 15), and sixteen (n = 1, 2, 3, · · · , 16) different incident fields. These results indicate that the location of D 1 cannot be identified with a small number of incident directions but can be identified when sufficient incident directions are used. However, some artifacts still appear in the map; therefore, further improvement is still needed.
Conclusions
An indicator function of DSM is designed for identifying small anomalies from scattering parameters measured by a small number of dipole antennas. The experimental results with real-data indicate that such small anomalies can be identified via this DSM with only one or at most a few incident fields, which means that it can be regarded as a fast imaging technique for real-world microwave imaging. Unfortunately, these results also include some artifacts, and the imaging performance depended significantly on the transmitter location. This has motivated us to develop an improved DSM, and this will be the subject of future study.
